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Abstract. Torus leaves play a crucial role in the theory of foliations. 
For example non-taut foliations admit a torus leaf (see Goodman [1975]). 
In this paper, we study all the foliations near a torus leaf, and try to 
understand why sometimes it is taut, or non-taut (and Reebless). We 
focus on some crucial examples to understand non-taut and Reebless 
foliations; and foliations admitting a non-separating torus leaf. It relies 
on the study of turbulization and spiraling, with generalizations. 
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1. Introduction 



In this paper, all the manifolds M are 3-dimensional, compact, connected 
and irreducible. 

The foliations studied on M are of codimension one (i.e the leaves are 2- 
dimensional) . Sometimes we will consider foliations on surfaces, when it will 
be specified. 

Since the works of G. Reeb and S.P. Novikov, we know that all mani- 
folds M as above admit a codimension one foliation, (see Lickorish [1965]). 
The construction of this foliation gives rise to a Reeb component. Foliations 
whitout Reeb component (or Reebless) are more interesting, because they 
give deep information on the manifold M, for example ni(M) is infinite or 
M = S 2 x S 1 (see Novikov [1965]). 

D. Gabai [1983], improved the theory by introducing the notion of taut fo- 
liation. 

It is well known that taut foliations are Reebless; here we generalize this 
fact in Proposition 1.1 (a first version was already in Brittenham [1993], or 
in [Godbillon lemma 3.8] for closed manifold, or manifolds with only one 
torus boundary component). 

Proposition 1.1. Let M be a 3-manifold with a transversely orientable fo- 
liation T . 

If the boundary of M is a union of leaves with the same transverse orienta- 
tion or if T contains a compact separating leaf, then J- is not taut. 

D. Gabai showed that non-trivial homology is a sufficient condition to 
admit a taut foliation. The general problem of existence of a taut foliation 
in homology spheres is still open, even if many works partially answer the 
question (see for example Brittenham, Naimi, and Roberts [1997] for graph 
manifolds, Caillat-Gibert and Matignon [2011] which is a complete classi- 
fication for Seifert fibered manifolds and Roberts, Shareshian, and Stein 
[2003] for hyperbolic manifolds). 

Proposition 1.1 has the following corollary : 

Corollary 1.2. Any taut, transversely oriented foliation in a rational homo- 
logy sphere, has no compact leaf. 
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Proof. Indeed, suppose it admits one compact leaf. A rational homology 
sphere cannot admit any non-separating surface (this induces non-trivial 
homology). Hence this compact leaf is separating in a closed manifold. By 
Proposition 1.1, the foliation cannot be taut; a contradiction. 

□ 

This fact is crucial for showing the main result of Caillat-Gibert and 
Matignon [2011]. 

S. Goodman [1975] showed that a non-taut foliation always admits a torus 
leaf (see Section 6). We will see examples of non-taut foliations admitting 
a separating torus leaf, and non-taut foliations admitting a non-separating 
torus leaf. 

One goal of this paper is to understand better non-taut and Reebless foli- 
ations. Note that together with Novikov's theorem, if a foliation of a closed 
3-manifold (or with boundary leaves) is non-taut and Reebless, then it ad- 
mits an incompressible torus leaf. Hence a great part of this paper studies 
foliations near incompressible torus leaves. Note that those non-taut and 
Reebless foliations never arise in hyperbolic closed manifolds (since they 
cannot contain incompressible torus). 

In this context we study two geometric processes : turbulization (7* compo- 
nent) and spiraling (5* component) which occur near a torus leaf (or more 
generally near a closed compact surface). 

We will see that turbulization and spiraling can give rise to non-taut Reeb- 
less foliations. Spiraling was first introduced by Gabai [1983], and here we 
give more details to define it; and then we link it to turbulization (which 
was first defined by G. Reeb). 

Conversely if a foliation admits a torus leaf then roughly speaking, in a reg- 
ular neighborhood of this torus there is turbulization or spiraling, which is 
the aim of next proposition (for precise definitions see Section 2). 

Proposition 1.3. Let M be a manifold admitting a transversely oriented 
C 2 -foliation F . 

Assume that if M is either T 2 x S 1 orT 2 xI then M is not only foliated by 
torus leaves. 

Then T contains either a S*, or a T* component, if and only if J- admits a 
torus leaf. 

If all the boundary components of M (with a transversely oriented folia- 
tion J 7 ) are torus leaves; we say that T has a bad orientation if the transverse 
orientation on all the torus boundary leaves is the same (all point inward or 
all point outward); otherwise we say that it is a good orientation (at least 
two torus leaves have opposite orientation, one inward and the other out- 
ward) . 
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Then, we will see that the tautness of the foliation is deeply linked to the 
good or bad transverse orientation as suggests the following theorem. 

Theorem 1.4. Let M be a manifold with a transversely oriented C 1 -foliation J- . 

Assume that the boundary of M is a union of torus leaves. 

Assume also that J- does not admit neither interior torus leaf, nor embedded 

annulus whose induced foliation by J- is a Reeb annulus. 

Then, J- is taut if and only if J- has a good orientation. 



Schedule of the paper. 

We organize the paper as follows. 

In Section 2, we recall basic definitions and notations. 

Section 3 introduces the well-known Reeb's component, and the geometric 
process of turbulization by two different interesting ways. 

In Section 4 we define the geometric process of spiraling and generalize it 
under condition. 

In Section 5, we first give the equivalence of those two geometric processes 
in a particular case. For this, we describe C 2 -foliations near a torus leaf and 
prove Proposition 1.3. 

Section 6 proves Proposition 1.1 saying that separating torus leaves or 
boundary leaves with the same transverse orientation are contained in a 
non-taut foliation. 

Furthermore, we explain why each hypothesis is necessary for this Proposi- 
tion. For this, we consider the Waldhausen manifold and give an example of 
taut foliation with a single boundary leaf, non-transversely orientable with 
non-compact leaves on Q. 

Then we prove Corollary 6.10 of Theorem 6.8 which states that a non-taut 
foliation of a closed 3-manifold (or manifold with boundary leaves) always 
contains a torus leaf (Goodman [1975]). 

The following of the paper focuses on the two cases: separating torus leaves 
(Section 7) and non-separating ones (Section 8). 

Indeed, Section 7 provides a collection of different non-taut foliations as 
follows. 

There are the ones with Reeb components, that we cannot remove (example 
on S 3 ); and the ones with Reeb components that we can remove, or non-taut 
and Reebless foliations; (example on T 3 ). 

The aim of Section 8 is to understand why a foliation with a non-separating 
torus can be either taut or non-taut. We start with key examples, and we 
generalize by proving Theorem 1.4 saying that if a foliation of a manifold 
with torus boundary leaves does not contain embedded Reeb annuli, then 
it is taut if and only if it has a good orientation (at least two boundary 
components whose transverse orientation is opposite). 
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Perspectives. 

We will see in section 7 some examples of non-taut and Reebless foliations, 
on different manifolds. One open question is the following : 

Question 1.5. What are the manifolds admitting a non-taut and Reebless 
transversely oriented foliation, but not admitting a taut foliation? 

Note that the first examples of such manifolds were found by Brittenham, 
Naimi, and Roberts [1997] and they are graph manifolds, (we have seen that 
this question is trivial for closed hyperbolic manifolds). 
Note also that the examples given here of non-taut Reebless foliations, con- 
cern manifolds admitting (another) taut foliation. 

Caillat-Gibert and Matignon [2011] have given an infinity of examples of 
Seifert manifolds not admitting a taut foliation, hence we should ask the 
following : 

Question 1.6. Is this family admitting a non-taut and Reebless foliation? 

Note also that nothing is known about the existence of taut foliations or 
of non-taut and Reebless foliation among non-hyperbolic manifolds admit- 
ting an hyperbolic submanifold. 



2. Preliminaries 

From now on, M will be a compact connected irreducible 3-manifold, 
possibly with boundary, and T will be a codimension one foliation on M 
considered up to isotopy when it is not indicated. 

Furthermore we will let / = [0, 1], and denote X the interior of X, and X 
the closure of X, when it makes sense, and let T 2 = S 1 x S 1 . 
For all the following the circle S 1 is parametrized by {e lS , 6 g] — ir, it]}, but 
for more simplicity we will consider it as {9 e] — tt, it]}. 

Separating surfaces and non-separating surfaces. A properly embed- 
ded surface F in a 3-manifold M is said to be a separating surface if 
M\F is not connected; otherwise, F is said to be a non- separating sur- 
face in M. If F is a separating surface, we call sides of F the connected 
components of M\F. 

A 3-manifold is said to be reducible if M contains an essential 2-sphere, 
i.e. a 2-sphere which does not bound any 3-ball in M. Then, either M is 
homeomorphic to S 1 x § 2 , or M is a non-trivial connected sum. If M is not 
a reducible 3-manifold, we say that M is an irreducible 3-manifold. 
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Incompressible torus. An embedded torus T in M is said to be incom- 
pressible if the induced map vri(T) — > tti(M) is injective, otherwise we say 
that T is compressible. 

Note that in an irreducible manifold, a compressible torus is always sepa- 
rating, while an incompressible torus can be separating or non-separating. 

Transverse orientation. Let M be a compact connected 3-manifold pos- 
sibly with boundary. 

Let J- be a, codimension one foliation on M. 

A foliation T of M is transversely orientable, if M admits a non-zero 
continuous vector field, transverse (i.e non-tangent) to all the leaves. 
If we fix such a non-zero continuous vector field, then T is said to be trans- 
versely oriented. 

Reeb annulus. 

First, we define a foliation of R 2 . Let / : R 2 ->• R 

/ : (x, z) !->■ (x 2 - 1) x exp(z) 

f is a submersion, so it defines a foliation J 7 , axially symmetric about the 
z-axis, where : 

- / _1 ({0}) is a union of two vertical leaf {x = 1} and {x = —1}. 

- / _1 ({c 2 }) are leaves satifying the equation 
z = 21og(c) — log(x 2 — 1), for \x\ > 1. 

When z — > +oo, x 2 — > 1 so the leaves tend toward the vertical leaves. 
When z — > -co, x 2 — > +oo. 
The general shape is — log. 

- c 2 }) are parabolic leaves satifying the equation z = 21og(c) — 
log(l — x 2 ), for \x\ < 1. They meet the z-axis for z = 21og(c). 
When z — > +oo, x 2 — > 1, so the leaves tend toward the vertical leaves. 




Figure 1 . Foliation T of R 2 
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T is invariant under integral translations along the z-axis; then it induces 
foliations on an annulus as follows. 

Consider the restricted foliation of J- on the set R = {(x,z) G M 2 , — 1 < 
x < 1}. The annulus R/^ where (x,z) ~ (x,z + k),k E Z admits an in- 
duced foliation by J 7 , and is called Reeb annulus as illustrated in Figure 2. 



Direction of rotation of a spiral foliation. Let X = {(x,9),x G 1,6 € 
] — vr,7r]} = / x S 1 be an annulus foliated with two circle boundary leaf 
and spiral leaves in the interior of X (see Remark 3.6 for a definition of 
this foliation) we call this foliation a spiral foliation. Keeping fixed the 
two boundary components, there is two non-isotopic such foliations drawn 
in Figure 3. 

Definition 2.1. Consider a foliation of X with spiral foliation. Choose any 
spiral leaf and orient it so that x grows in I (i.e fix the direction of rotation 
so that x grows). 

That induces an orientation by continuity on all the leaves of this folia- 
tion hence on the circle leaves (which is the same). If this orientation is 
a clockwise direction of rotation we call that foliation a clockwise spiral 
foliation and the spiral leaves are called clockwise spiral, otherwise we 
call it anti-clockwise spiral foliation, and the spiral leaves are called 
anti-clockwise spiral. 




Figure 2. Reeb annulus (from Wikipedia) 
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(a) Clockwise spiral foliation (b) anti-clockwise spiral foliation 



Figure 3. Direction of rotation of the foliations on X 



An other foliation of the annulus, denoted by C. 

Now we construct a foliation of the annulus where one boundary compo- 
nent is transverse to the foliation and the other is tangent. The leaves will 
be homeomorphic to IR + , except one circle boundary leaf. 
Consider the restricted foliation of J- on the set R T = {(x, z) 6M 2 ,1 < x < 
r}, for r > 1; (or equivalently {(x,z) G M?,r <x< 1}, for r < 1). 
The annulus R r /r^ where (x, z) ~ (x, z + k), k S 7L admits an induced folia- 
tion by T that we will call C. 

C admits a circle boundary leaf, and the other boundary component is 
transverse to the foliation. All the non-compact leaves are homeomorphic 
to the ray M + and are limiting along the circle boundary leaf as illustrated 
in Figure 4. 




Figure 4. One non-compact leaf of the foliation C 
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Taut foliation. Let J 7 be a foliation of a 3-manifold M. An embedded loop, 
or respectively a properly embedded arc 7 (if dM ^ 0), is called transverse 
loop or respectively transverse arc if VF € J 7 such that 7 n -F 7^ 0, the 
intersection 7 n F is transverse. 

J 7 is taut, if for every leaf F of J 7 there exists 7 an embedded transverse 
loop, or properly embedded transverse arc (if dM / 0), such that jHF / 0; 
and if T\qm contains no Reeb annulus. 

The following theorem is the famous theorem of Gabai [1983] on the 
existence of taut foliations, which is stated here for closed 3-manifolds. 

Theorem 2.2 (D. Gabai [1983]). Let M be a closed 3-manifold. IfH 2 (M;Q) 
is non-trivial then M admits a taut foliation. 

Foliated component. Suppose M admits a foliation J 7 , and that J-y is 
a foliation of a submanifold V of M . We say that M admits a foliated 
component Ty , if the induced foliation by J- on V is isotopic to J-y in M. 

Foliation preserving homeomorphism. Let M be a manifold admitting 
a foliation T and N a manifold admitting a foliation Q. An homeomorphism 
/ : M — > N is a foliation preserving homeomorphism, if / sends the 
leaves of T on the leaves of Q, i.e if / preserves the leaves. 

3. Reeb component and Turbulization 

In this section we first define Reeb's component which is a foliation of a 
solid torus tangent to the boundary, and then we define a particular foliation 
of T 2 x I, where one torus boundary component is a leaf and the other is 
transverse to the foliation, which will be called turbulization component. 
Reeb's component and the process of turbulization were firstly defined by 
G.Reeb [1952]. 

Nowadays this construction is very common, and can be found for example 
in the notes of M. Brittenham [1993]. 
Finally, we define generalized turbulization. 

3.1. Reeb component. First, we define a foliation of M 3 illustrated in Fig- 
ure 5. 

Note that this is the foliation of M 2 of Figure 1 in each vertical plane con- 
taining the z-axis of M 3 . 

Let 

/ : R 3 -> R 
(x, y, z) H> (x 2 + y 2 — 1) x exp(z) 
/ is a submersion, and defines a foliation T of R 3 , symmetric about the 
z-axis, where : 
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- / 1 ({0}) is a vertical cylinder leaf C centered in with radius 1. 

- f~ 1 ({c 2 }) are leaves homeomorphic to a cylinder, because 
x 2 + y 2 = 1 + c 2 exp(— z), hence x 2 + y 2 > 1. 

When z — > +oo, x 2 + y 2 — > 1 so the leaves tend toward C. 

When z — > — oo, x 2 + y 2 — )• +oo, i.e. the base of the cylinder is flaring. 

- / ({— c 2 }) are paraboloid leaves which intersect the z-axis for 
z = 21og(c), when x 2 + y 2 < 1, . 

When 2 — )■ +oo, x 2 + y 2 — )■ 1, so the leaves tend toward C. 




Figure 5. Foliation T of R 3 

Let J- be the restricted foliation on a vertical solid cylinder D 2 x M, of 
radius r > 1, included in M 3 , denoted C r . J- is invariant under integral 
vertical translations (along the z-axis); hence it induces a foliation on the 
solid torus D 2 x S 1 denoted T r , of radius r. 

T r contains T\ which is a solid torus of radius 1 (r > 1), and a Reeb 
component is the induced foliation by J- on T\, see Figures 6 and 8. 

Note that a Reeb annulus correspond to a 2- dimensional Reeb component. 

Definition 3.1. Let J- be a foliation of a 3-manifold M . T is Reebless if 

it does not admit any Reeb component. 

3.2. Turbulization. In this subsection we define by two interesting differ- 
ent ways the turbulization component denoted for all the following by T '■ 
We talk about turbulization when one torus boundary is foliated by circles. 
So we first need the following definition. 
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Figure 6. (Half) Reeb component (from Wikipedia). 

Definition 3.2. A circle foliation on a torus, (respectively on an annu- 
lus), is a foliation of T 2 (respectively of S 1 x I) where all the leaves are 
homeomorphic to S . Hence, the leaves are parallel copies of an essential 
simple closed curve on T 2 (respectively on S 1 x I). 

Definition 3.3. Let us call T the foliation induced by T on T r \T\, for 
r > 1 (or equivalently on Ti\T r , for r < 1). The resulting foliated manifold 
is homeomorphic to T 2 x I, with a torus boundary leaf (dT\), and another 
torus boundary component, transverse to the foliation T , which induces a 
circle foliation on it, as in Figure 7. 



Definition 3.4. The foliation T is trivially transversely oriented. We will 
denote 7~ + (respectively T~), the transversely oriented foliation of T 2 x /, 
where the transverse orientation on the torus leaf points out of (respectively 
into) T 2 x I. 



identification 

Figure 7. Foliation T of T 2 x I : Turbulization 
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Definition 3.5. Let M be a manifold with a torus boundary component T 
and admitting a foliation which induces on T a circle foliation. 
The process of turbulization consists on pasting on T (by homeomor- 
phism) aT 2 x I component, foliated by T (with the notations above). 

Roughly speaking, the process of turbulization, changes a circle foliation 
on a torus to a torus leaf, as in the trivial following example in Figure 8. 




identification 



Figure 8. Reeb component 



Remark 3.6. A Reeb component contains the foliation T. 

Let us give another definition, that we will also use later. 
Let A = {(x, 6), x G [0, 1], 6 G] — n, vr]} be an annulus embedded in M 3 , and 
consider the following foliation called F on A x /. 

Let / be a diffeomorphism of the unit interval such that {0} and {1} are 
fixed point, and / is strictly increasing. 

Denote for each x G [0, 1], and z £ I, the circle X z x = {(x, 9,z),9 g] — n, n]} 
in A x I. 

Let us define the foliation Ff. 

The leaves of Ff are the annuli A a bounded by A° and Xf,s in Ax I, for 

each a £ [0, 1], as in Figure 9 where we have chosen f(t) > t. 

This foliation Ff is called the suspension foliation of / along Aq onAxl. 

More precisely A a = \J Xf f{a) _ a]z+a . 
ze[o,i] 

Indeed the segment joining a to f(a) for a fixed angle 6 G] — vr,7r]}, with 
the chosen coordinates, is defined by the equation x = [f{a) — a]z + a in 
Ax I. 

Obviously Aq and A\ are vertical leaves. 

That leads us to construct a foliation on T 2 x / as follows: 
Consider T 2 x I = (Ax J)/^, where (a;, 0,0) ~ (x,6,l). 
Ff induces a foliation on T 2 x I where T 2 x {0} and T 2 x {1} are torus 
leaves. 

Now, if we choose / so that f(t) > t or f(t) < t, for all t E I, the foliation T is 
isotopic to the induced foliation by Ff on {(x, 9,z),x G [0, |], 6 g] — n, it], z G 
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Figure 9. Foliation J/ of A x I 

[0, 1]}/L, or equivalently on {(x, 9,z),x G [5, 1], 9 G] — 7r, 7r], 2; G [0, 1]}/^. 
Indeed the torus {(^,9, z),9 e] — tt,7v],z G [0, 1]}/^ is everywhere transverse 
and admits a circle foliation. 

Note that if 3to G ///(to) = that induces an interior torus leaf in Tt. 

Remark 3.7. Note that the induced foliation by Tf on the transverse an- 
nulus A n = {(x,7r,z),x G [0,1], z G [0,1]}/^ in T 2 x I is described on 
Figure 10. 

Remark 3.8. Note that the choice f(t) > t or f(t) < t does not imply that 
there is the same direction of rotation along the torus leafT = {(1, 9, z),9 G 
]— 7T, 7r], z G [0, 1]}/^- That is the reason why we give the following definition. 

Definition 3.9. // f(t) > t we say that Tt is a clockwise foliation, and if 
f(t) < t, we say that Tt is a anti- clockwise foliation. 

Remark 3.10. Note that if J-f is a clockwise (respectively anti- clockwise) 
foliation then the induced foliation on A T is a clockwise (respectively anti- 
clockwise) spiral foliation. 

Turbulization has a lot of applications; one of the most famous is the 
following Theorem from W.B.R Lickorish [1965] and also showed indepen- 
dently by S.P Novikov [1964] (helped by H. Zieschang) : 

Theorem 3.11. Every 3-manifolds admit a codimension one foliation, pos- 
sibly with a Reeb component. 
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(a) (b) 
Figure 10. Induced foliation by T on A w (isotopic representations) 

Proof, (idea) We may recall that every closed 3-manifold M is obtained 
by deleting a tubular neighborhood of a link L in S 3 , and by gluing it back 
differently. Let us consider § 3 foliated by two Reeb's component glued along 
their torus leaf. We can isotope L so that it meets transversely the leaves 
of this foliation. By choosing a thin enough tubular neighborhood of L, 
denoted by N(L), we may assume that the induced foliation on N(L) is 
the one by disks transverse to the boundary of N(L). Then we can remove 
(the interior of) N(L), and glue some T components along each boundary 
component of S 3 \A r (L), i.e we apply the process of turbulization. Then we 
obtain a manifold with torus boundary leaves, and it remains to glue Reeb's 
component along those boundary leaves by the well chosen way, to obtain 
M with a foliation (with Reeb components). □ 

3.3. Generalized turbulization. Turbulization can be defined in a more 
general context. 

The idea of turbulization is to extend a foliation of T 2 x {1} (either by circle 
or dense on the torus) in T 2 x / to obtain T 2 x {0} as a torus leaf. 
In the preceding paragraph we have done it for a circle foliation on T 2 x {1}, 
here we want to do a similar construction for a dense foliation on T 2 x {1}. 
Indeed, when the foliation on a torus is C 2 , A. Denjoy [1932] and C.L. Siegel 
[1945] showed that either there is a circle leaf or the foliation is dense. When 
there is a circle leaf there are two cases, either this is a circle foliation, or 
there are spiral leaves between circles leaves. The last case will be taken in 
account with spiraling, while the former case has already been studied. 

Let us formulate it more precisely. 
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One way to define generalized turbulization is as follows : 
Consider A x I = {(x, 9, z), x G [0, 1], 9 G] — tt, tt], z G [0, 1]}, (A is an annu- 
lus). 

For each z G [0, 1] set A z = {(x,6, z),x G [0, 1],9 G] - tt,tt]}. 

Now foliate each A z by the foliation C (of Figure 4), to obtain a foliation on 

A x I by C x J. 

This foliation is invariant by rotation along the z-axis; hence that in- 
duces a foliation ofT 2 x I by identifying Aq to by a foliation preserving 
homeomorphism / from Aq to Ai such that f ({(0,9,0), G] — 7r, tt]}) = 
{(0, 9 , 1) , 9 £] — it , ir]} , and / sends a spiral leaf on a spiral leaf, for example 
any rotation. 

Consider T 2 x I = (Ax T)/„ where ((x,0),O) ~ (f(x,9),l). 

Note that here T 2 x {x} = {(x,9,z),9 G] -ir,n],z G [0,1]}/^, for each 

x G [0,1]. 

Definition 3.12. We call this foliated component a generalized turbuliza- 
tion component, and we denote it by 7*(f), as illustrated in Figure 11. 




Figure 11. Generalized turbulization : foliation 71(f) 

There are two crucial examples : 
When / is a rotation rational rational angle, the non-compact leaves are 
homeomorphic to M + xS 1 , and there is one compact leaf : the torus T 2 x {0}. 
Moreover the leaves of the circle foliation on T 2 x {1} have rational slopes 
(recall that those are essential simple closed curves). 

Then, note that 71(f) (of Figure 11) and T (of Figure 7) are homeomorphic. 
When / is a rotation of irrational angle, there is no cylinder leaf, i.e all the 
non-compact leaves are homeomorphic to M + x M, and the induced foliation 
on T 2 x {1} is dense (corresponds to irrational slopes). 
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4. Spiraling 

Turbulization extends a circle foliation or a dense foliation on a torus 
T 2 x {0} in a foliation of the 3-manifold T 2 x I such that T 2 x {1} is a leaf 
(turbulization) . 

The goal of spiraling (here) is to extend a foliation on the torus by spirals 
and circles. 

For this we use the construction of D. Gabai, who defines spiraling in a 
more general context which is the following. 

Let S g be a closed orientable compact genus g > 1 surface. We start with 
a foliation T on S g x {0} which has a two dimensional leaf and an annulus 
with a one dimensional foliation tangent to its boundary. 
Then, we extend it to a foliation of S g x /, where S g x {1} is a leaf. 

Here we explain this construction providing more details and generalize 
it when g = 1. 

We first construct a foliation of S g x I that we will call spiraling compo- 
nent. We proceed into four steps which are subsections. 

- Step 1 : Notations and conventions, we fix 5 and A two essential simple 
closed curve on S g such that #(A n 5) = 1. 

- Step 2 : Suspension foliation along A. 

- Step 3 : Superposition along 5. 

- Step 4 : Repeating infinitely many times Step 3 (infinite induction). 

Subsection 4.5 applies this construction to extend a foliation J 7 of a man- 
ifold M with a boundary component S g , such that T\s g admits a transverse 
annulus to a foliation of M U (S g x I) such that S g = S g x {0} and S g x {1} 
is a leaf. 

Finally, Subsection 4.6 generalizes spiraling when g = 1 and when S g x {0} 
admits Reeb annulus. 

4.1. Step 1. We consider a closed compact surface of genus g > 1, denoted 
5 g , with a non-separating simple closed curve 5 embedded in S g . We set 
As = 5 x I a regular neighborhood of J in Sg and we make the confusion 
between S and 5 x {0}. 

Let A be simple closed curve embedded in S g whose geometric intersection 
number with 5 is one. Note that it induces that A is non-separating. Simi- 
larly we will denote ^ = A x / a regular neighborhood of A in S g and we 
make the confusion between A and A x {0}. 

Consider the product foliation on (S g \A\) x / and denote the leaves by 
Q t = (S g \A x ) x {t},tel. 
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Figure 12. A choice of A and 5. 

4.2. Step 2. Here we construct a particular foliation of S g x I, where the two 
boundary components are leaves, and the interior leaves are non-compact. 

Let / be a strictly increasing diffeomorphism of I such that /(0) = and 
/(l) = 1. Consider the suspension foliation of / along A x {0} x {0}, in 
A x {0} x /, where the leaves are the annuli cobounded by A x {0} x {t} 
and A x {1} x {fit)} in A\ x I, (see Figure 9). Now extend the product 
foliation on S g x / by gluing this foliated component A\ x I by the identity 
on (S g \A\) x /, and we denote the resulting foliation of S g x I by Ff. To 
draw J-f more easily, we represent A\ differently in Figure 13. 
Note that in all the following figures we have chosen fit) > t. 




Figure 13. Suspension foliation along A\ x I in S g x I 

Note that for all t €. I, this extension adds to Qt two annuli : one is 
joining Q t to Q/(t) and the other annulus is joining Q t to Qf-iny 
Of course this extension adds an annulus to Qt, for t E {0, 1}, which induces 
that S g x {0} and S g x {1} are leaves of Ff, and the other leaves tends 
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toward those two. 



To represent J-f, we can draw a transverse cut of this foliation, i.e along 
5 x {0} x I, as in Figure 14. Note that here, 5 x {0} x I plays the role of 
A n of Figure 9, see also Figure 15. 




Figure 15. Foliation Ff along A$ 



4.3. Step 3. The goal of this step is to paste together (S g \As) x Iq and 
(S g \As) X Ji, and to extend it nicely; where = [0, 1/2], and I\ = [1/2, 3/4]. 

Consider (S g \As) x Jo and (S g \Ag) x Jj both with the foliation J 7 ^ of 
Figure 15. 

Glue them along (S g \Ag) x {1/2} to obtain a manifold homeomorphic to 
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(S g \A s )x [0,3/4]. 

Now we do the following extension (see Figure 16). 




(6, f, /(f)-gluing 



FIGURE 16. (5, /, /(i)-gluing between (S g \As) x I and 
(S ff \A 5 ) x /! 

We identify 5 x {0} x Ii to 5 x {1} x Iq by a foliation preserving home- 
omorphism /i (i.e sending an interior leaf on an interior leaf, and sending 
5 x {0} x {3/4} on 6 x {1} x {1/2}, and 5 x {0} x {1/2} on 5 x {1} x {0}, 
for example any rotation). 

In particular, this amounts to glue one annulus called A s between 5 x 

1/2 

{0} x {3/4} and S x {1} x {1/2}; and an other annulus A s ' between 
5 x {0} x {1/2} and 5 x {1} x {0}, which connects the compact leaves 
(S g \A s ) x {0}, (S g \A s ) x {1/2} and (S g \A s ) x {3/4}. 
There may exist annuli connecting the circles; which correspond to possible 
interior fixed points of /. 

Moreover, this amounts to glue bands M. x I where one boundary spiral 
K x {0} lies on 5 x {0} x I\ and the other boundary spiral lx{l} lies on 
5 x {1} x Iq , so that the foliation matches. 

We denote this extension by a (5, f, h) -gluing between (S g \A$) x Iq and 
(S g \A$) x 7i, and the foliation is called F(f, Iq, Ii, h). 

Note that we can make another choice to make this extension. Indeed, 
we can also identify S x {0} x Iq and 5 x {1} x I\ by a foliation preserving 
homeomorphism h similarly. That gives another direction of rotation along 
the boundary leaf. 
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If we do the first choice we call it a clockwise (5, f,h)- gluing otherwise 
if we make the second choice we call it a anti- clockwise (5, f, h) -gluing. 
But for more simplicity when the direction of rotation does not matter we 
will just say a (5, f, h)-gluing. 

The boundary of the resulting manifold has two connected components 
as shown in Figure 17 : 

- 5° = 5 x {0} x [0,1/2] U A 1 / 2 U (S g \A s ) x {0}; where 5 x {0} x 

1/2 

[0,1/2] is transverse and A s U (S g \As) x {0} is tangent to the fo- 
liation T(f, Iq, Ii,h). 

- 5g /4 = 5x{l}x [1/2,3/4] U A 3 / 4 U (S g \A 5 ) x {3/4}; where 5 x {1} x 

[1/2,3/4] is transverse and A 1 / 2 U (S g \A s ) x {3/4} is tangent to the 
foliation F(f, Iq,I\,K). 




Figure 17. Boundary of the foliation J"(/, J , h, Id) 



4.4. Step 4. The aim of this step is to repeat infinitely many times Step 3, 
in order to obtain a foliation of S g x / where S g x {1} is a leaf and S g x {0} 

is foliated as = 5 x {0} x [0, 1/2] U A 1 / 2 U (S g \A s ) x {0} defined in Step 3. 



Some notations : 
Set io = 0. 
Let n £ N* we set : 



n 1 



2 k 
i 
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and I n = [i n , in+i], for all n G N. 

n 1 

Note that lim > — r = 1; hence /„ = /. 
n ->+oc 2 fc ^ 

k=l n£N 



V 




— 'h — ¥ — /3 


— 1 h-Hi 




"v— 


2 I x 4 





Figure 18. Intervals I„ 



For all n G N, consider (S^-A^) x/ n with the foliation Tf defined in Step 2. 

Let h n , re G N be foliation preserving homeomorphisms between 5 x {0} x 
I n +i and 5 x {1} x I n sending an interior leaf on an interior leaf, and sending 
5 x {0} x {i n+1 } on 5 x {1} x {i n }, and 5 x {0} x {1/2} on 5 x {1} x {0}. 

For each re G N, apply clockwise (5, f, /i n )-gluing (defined in Step 3) be- 
tween (S g \As) xl n and (S g \As)xI n +i, constructing the foliation F(f, I n , I n +l> 
and consider the closure of this manifold, to obtain S g x I with the clockwise 
foliation 



Hf, K, n G N) = [j F{f, I n , I n +i, K 



neN 



Since I n = I, the homeomorphisms h n ,n £ N can be considered as 



single homeomorphism h of J; so for more simplicity we denote this foliation 
by J-(f, h) which will be called the clockwise foliation J-(f, h). 

We similarly define a foliation by considering only anti-clockwise (5, f, h n )- 
gluing for all n G N to obtain a anti-clockwise foliation J-(f, h). 



This amounts to consider (S g \Ag) x I n , and to extend the folia- 

nSN 

tion by pasting annuli called A % ^ for n G N* between 5 x {0} x {i n } and 
<5x{l} x{i n _i}, and bands Rx J between the spirals Mx{0} on 8x {0} x {i n } 
and the spirals R x {1} on 5 x {1} x with respect to /i n . 

When n tends towards the infinity, i n tends toward 1, so we attach an 
annulus A\ between 5 x {0} x {1} and 5 x {1} x {1}, hence S 9 x {1} is a 
leaf. 

Moreover, as in Step 3, 5° = 6 x {0} x I U A 1 / 2 U (S g \A s ) x {0} is the 
second boundary component homeomorphic to S g x {0}, where 5 x {0} x /q 

1 /2 

is transverse and A 5 U (S g \As) x {0} is tangent to the foliation T(f, h). 
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Note that the leaf starting in 5 x {0} x {0} is homeomorphic to the half- 
infinite ladder as shown in Figure 19. 




5 x {0} x {ij} 



Figure 19. Interior leaf starting in 5 x {0} x {0} 

Remark 4.1. Note that the induced foliation on the transverse annulus 

X = 5 x {0} x I n has an infinite number of circle leaves (which are 

neN 

|^J 5 x {0} x {in} ). Between two consecutive such circle leaves there is the 

n&i 

suspension foliation induced by f . 

Now we can define Spiraling. 

Definition 4.2. That construction ofJ r (f,h) is called spiraling. 
We say that the nearby leaves of S g x {1} in the clockwise (respectively in 
the anti- clockwise) foliation F(f,h) are clockwise spiraling (respectively 
anti-clockwise spiraling,) along S g x {1}. 

We will denote the component S g xl with the foliation J-(f, h) by S g (f,h), or 
when there is no ambiguity S g , with possibly adding the direction of rotation 
(clocwise or anti- clockwise). 

This foliation is of course transversely orientable; letSg (respectively S~ ) be 
the foliation J-(f, h) where the transverse orientation on the closed compact 
boundary leaf S g x {1}, points out (respectively into) S g x /. 

Remark 4.3. If f = Id there is no spiral leaves, there are only half-infinite 
cylinders (g = 1), or half-infinite ladders (g > 1), and the foliation does not 
depend on h. In this case we will denote this foliation by S g {Id). 

4.5. Attaching components of spiraling. Consider a 3-manifold M with 
a foliation J 7 , admitting a boundary component homeomorphic to S g . As- 
sume that J~\s has circle and spiral leaves contained in an annulus A with 
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circle boundary leaves, and that F\s g \A is a leaf. 

We want to extend T in a neighborhood S g x I (where S g = S g x {0}), so 
that ^ x {1} is a leaf. 

By the above construction it suffices to choose / such that the foliation 
on 5 x {0} x [0,1/2] and the foliation on A are homeomorphic, and glue 
S x {0} x [0, 1/2] on A, and S g \A on (S g \A s ) x {0} UA 1 / 2 defined in Step 3, 
(see Figure 17). 

It remains to make the good choice of /. 

Recall that A is foliated by spirals and circles, and denote by Q its folia- 
tion. 

Q is a foliation of an annulus with circles boundary leaves, because S g \A is 
a leaf. 

Hence Q is isotopic to a union of the annuli of Figure 20. 




(a) Circle foliation (b) Spiral foliation 




(c) Other possibility (c) Other possibility 



Figure 20. Taut foliations of the annulus with boundary leaves. 

Considering that A = S 1 x I, denote byr = {*}x/a transverse arc 
parametrized by [0, 1]. 

Obviously, if F is a compact leaf of Q (hence a circle) then FV\t = {*} x {x}, 
for a single x € /, and if F is non-compact, there are infinitely many such 
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X. 



Let us call X = {x £ I/3F G Q,F n r = {*} x {x}}. By definition of Q, 
{0,1} CX. 

Note that possibly there exists < a < b < 1 such that [a, 6] C X. 
If X = I, Q has trivial holonomy, i.e. Q is a circle foliation. 

Let / be a smooth, increasing map from I to /, such that f\ x is the 
identity on X; and assume that / is strictly increasing out of X, and that / 
gives rise to the good direction of rotation. That is to say that for each spiral 
F of Q, there exists x G F n r n (I\X), and we denote by the connected 
component of x £ If F is a clockwise spiral, we set f(t) > t,t G If, 

otherwise (F is anti-clockwise) we set /(t) <t,t e If- 

Up to isotopy, f is the holonomy map of Q, but we will not use holonomy 
here. 

By constructing the suspension foliation along A (Step 2), we create spiral 
and circle leaves on 5 x {0} x [0, 1/2]. More precisely, we create circle leaves 
when / is the identity i.e when there are circles on Q, and spiral leaves 
out of X, with the corresponding direction of rotation; which is exactly the 
expected foliation (up to isotopy). 

Remark 4.4. Note that given a transverse orientation on the tangent part 
S g \A, say outward, (respectively inward), spiraling amounts to glue on S g a 
component 5+ (respectively S~ ). 

4.6. Reeb annulus spiraling. When g = 1, we can also define spiraling 
for non-taut foliations, i.e when the induced foliation Q on A admits Reeb 
annuli, as soon as it has boundary circle leaves. 



We keep the previous notations of Step 4, and recall that yj I n = I. 

nGN 

Indeed, here S\ is a 2-torus that we denote T, hence T\A is an annulus so 
we have the following representation : 



I x S 1 x I ^ {(x,6,t),x G 1,9 G] - n,ir],t G /}, and denote for t G I 
5x{0}x{t} = {(0,9,t),9£}-ir,7r]}. 



Now foliate each annuli 5 x {0} x I n ,n G N, and 5 x {1} x I n , n G N, by 
a foliation isotopic to Q (the foliation is Q up to dilatation). 
Consider T x I ^ (I x S 1 x 

where (0,(6, t)) ~ (l,h n (9,t)), for given foliation preserving homeomor- 
phisms h n sending S x {0} x I n , on 5 x {1} x I n , for each nGN, depending 
on the integer n such that t G I n . As above all the homeomorphisms h n can 
be seen as a single homeomorphism from 5 x {0} x /, on 5 x {1} x / since 




Denote for each t G I and x G /, <5* = {(x, 0, i), 9 G] - 7r, tt]} S 1 . 
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With those coordinate, we assume A = 5 x {0} x Iq = {(0,6,t),9 G 
] - Tr,Tv],t G I } C T x J; and T\A ^ {z G $I (1_a,) ,a; G [0, 1]}; (see Figure 

In 8 X J X 7 consider for all n G N*, the annulus leaves denoted A 1 " 
connecting 5 x {0} x i n to 5 x {1} x i n _i, i.e A ln = \^8 X 2nX+tn (note that 

= T\ A). 

Foliate each solid cylinder bounded by dx{0}xI n+ iUA ln+1 U5x{l}xI n uA ln , 
n G N by a foliation isotopic to £/ x I with respect to the foliation set on the 
annuli 8 x {0} x I n ,n G N, and 5 x {1} x I n ,n G N. 

Remark 4.5. TTws choice of foliated solid cylinder induces a clockwise foli- 
ation while the other choice (joining 8 x {0} x I n to 5 x {1} x I n +\, n G N) 
induces a anti- clockwise foliation. 

When n tends towards the infinity we add the torus leaf T x {1}, because 
A 1 connects 5 x {0} x 1 to i x {1} x 1 since lim i n = 1. 

n— >+oo 

Definition 4.6. We call that component generalized spiraling compo- 
nent, denoted S*(Q,h), or S* when there is no ambiguity. 

Note that since the identification is by a foliation preserving homeomor- 
phism; if Q has no Reeb annuli, S*(Q, h) = 5i(/, h), where / is a suspension 
homeomorphism defining Q. 

The two boundary components are : 
T\A U A, where A is transverse and T\A is tangent to the foliation. 
The torus leaf T x {1}. 

Let us describe the induced foliation by S*(Q, h) on the properly embed- 
ded transverse annulus X = 5 x {0} x I. 

dX is included in leaves, i.e that foliation admits circle boundary leaves. 
It has infinitely many circles leaves in its interior. Indeed, the leaf of 
5 x {0} x {0} is an half infinite cylinder, and its intersects X in each 
5 x {0} x {i n },n G N. 

The induced foliation on each annulus 5 x {0} x I n ,n G N (included in X), 
is Q; hence we have the following Remark. 

Remark 4.7. The previous construction of S*{Q, h) when Q admits at least 
one Reeb annulus contradicts part (i) of Theorem 4.2.15 of Hector and Hirsch 
[1986], which says that a foliation of an annulus tangent to the boundary can 
only admits finitely many Reeb components. 

Remark 4.8. The induced foliation by S*(G,h) on T 1 / 2 = b\! 2 is the 
annulus foliation Q whose boundary leaves are identified. 
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Note that by considering the induced foliation by S*(G, h) on the manifold 
homeomorphic to T x / bounded by T x {1} and T 1 / 2 , we see that spiraling 
extend a given foliation on a 2-torus with at least a circle leaf (possibly with 
spirals and Reeb annuli) to a foliation of T x I where T x {1} is a torus; 
which was our first goal. 





x=0 x= i 

Identification 



Figure 21. Generalized spiraling : 5* 



5. Foliations near torus leaves 

We first prove the equivalence between trivial spiraling and turbulization 
(Lemma 5.1). 

Then we prove Proposition 1.3. 

5.1. Equivalence between trivial spiraling and turbulization. 
Lemma 5.1. Si(Id) is isotopic to T. 

Proof. We start from a component T of turbulization, and we are going to 
find a torus T\ foliated by a tangent annulus and a transverse annulus, and 
then we can see that S\ C T up to isotopy. So S\{Id) is isotopic to T since 
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they foliate the same 3-manifold. 

We consider I x S 1 x S 1 ^ {(x,6,z),x € 1,0 €] - ir,ir],z € [0,1]}/^ 
where (9, x, 1) ~ {9, x, 0) foliated by a T component. 
Now, let zo g]0, 1[, and let L ZQ be the leaf of (1, 9, z$), for 9 g] — ir, it]. 
Clearly, L Zo does not depend on 9, because the foliation T with those coor- 
dinate is invariant by rotation around the z-axis. 

Then, there exists xq g]0, 1[ such that the point (xq, 9, 1) G L Zo , by fol- 
lowing the leaf L ZQ when z grows. Note again that xq does not depend on 

9 e] - 7T,7r]. 

Let = {(x,6>,0),x < x < 1,9 e] - vr,vr]} and A„ = {(l,6»,z),6» G 
] — 7T, 7r], < z < zq}, as in Figure 22. 

Then set Ti = {{x, 9, z) G L Zo ,xo < x < 1, zq < z < 1,}\J A v [j A^. 

We can easily see that |J ^4/i is transverse to the foliation T ', and that 

{(x,9,z) G L zq ,xq < x < 1, Zq < z < 1, } is tangent to it. 

Of course between Ti and the torus leaf, the non-compact leaves are all half 

infinite cylinders, which is the case when the spiraling has no holonomy. 

Hence the turbulization contains spiraling with trivial holonomy. 




Figure 22. 

Another way of doing it is by applying Remark 4.8 for the component 
S*(G,Id) = S\{Id) when Q is a circle foliation as Figure 23 shows it (of 
course in this case T 1 / 2 admits a circle foliation). 

□ 

5.2. Proof of Proposition 1.3. 
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... Torus leaf 




jil/2 



'-•■T\A 



x = x = 1 

Identification 



Figure 23. 



Proof. Of course if J 7 admits one of those components, T admits a torus 
leaf. 

The converse is more interesting; it amounts to study the foliation in a 
neighborhood of a torus leaf. 



The proof has two parts. First we choose a suitable neighborhood of a 
torus leaf (Claim 5.2). Then we recognize the foliation of T 2 x I as a 5* 
or a % component, using a properly embedded transverse annulus in this 
neighborhood. 



Let T be the torus leaf and consider a neighborhood of T denoted by 

V = T x I where T = T x {1}. 

If T is compressible, by the theorem of Novikov [1965], the foliation in the 
3-manifold that T bounds admits a Reeb component and so it admits a T 
component by Remark 3.6. 

Thus we can assume that T is incompressible, hence T x {0} is also in- 
compressible. 

Let us choose coordinates for V. 

Let W = I x (S 1 x /), i.e W = {(x, (9, z)), x £ 1, 9 e] - tt, tt], z € 1} foliated 
by annulus leaves I x (S 1 x {*}). 

V = W/r^, where (Q,(9,z)) ~ (l,h(9, z)) and h is a foliation preserving 
homeomorphism defined by J-\y- 
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Set X = {(0,9, z), 9 G] -ir,n],ze I}. 

First collapse all the TxIinV whose foliation is {T x {t},t G /}. Then 
we assume (since M ^ T 2 x I and M ^ T 2 x S 1 foliated by T 2 x {*}) that 
all the torus leaves are isolated (i.e for each torus leaf in V there exists a 
regular neighborhood of this torus leaf not admitting another torus leaf). 

Claim 5.2. We can choose inside Tx I a regular neighborhood V of a torus 
leaf T' such that V = T" x I, T' = T' x {1}, and there is no torus leaf in 
V>. 

Proof. If there is no interior torus leaf in V we are done (choose V = V) 
so we can assume that there is an interior torus leaf T\ in V and consider a 
thinner regular neighborhood of T (still denoted V) where T x {1} = T and 
T x {0} = T\. By continuing this process either we find such a V , either 
this process never stops; that means that the set of torus leaves in the leaf 
space of F\y is dense. 

Hence we make the proof by contradiction and we suppose that such a V' 
does not exist. We have seen above that it means that the set of torus leaves 
in the leaf space of T\y is dense (between two torus leaves there always exists 
another torus leaf). 

Recall that we can suppose that T x {0} is a torus leaf and that T x {1} = T, 
otherwise the claim is true. 

Consider the induced foliation by T on X. Call C the set of circles of inter- 
section between the torus leaves and X, and denote by I a = {(0,0, z), z E 
[a, b]} for any real such that < a < b < 1. Hence C n Iq is dense in Iq . 
That imposes that X admits a circle foliation. Indeed, any spirals or Reeb 
annulus between two circle leaves contradicts the density. 
Hence, there is two cases : 

V is trivially foliated by torus leaves which is impossible by assumption of 
collapsing. 

V is foliated by cylinder leaves and torus leaves. 

In the latter case any cylinder leaf contradicts the density. 
Indeed, up to isotopy and up to changing the coordinates, a cylinder leaf 
contains the annulus A = {(x, 8, (b — a)x + a), x £ I, 6 G] — n, tt]} for given 
a and b in /. 

Hence C n l h a = which contradicts the density, see Figure 24. 

This ends the proof of Claim 5.2. □ 

By Claim 5.2, we may assume that V does not contain interior torus 
leaves. 

If T bounds a C component (see Definition 8.1, and also Figure 34), or the 
foliation of Q (Waldhausen manifold) pictured in Figure 33, then T trivially 
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Figure 24. Cylinder leaf contradicts the density 



contains a T component. 

Hence we may assume that J 7 ^ is different from those two foliations. 

We may recall that T x {0} is incompressible, so by a theorem proved 
by Roussarie [1974] and independently by Thurston [1972] we can isotope 
T x {0} such that it is everywhere transverse to the foliation or so that it is 
a leaf. 

Hence, up to isotopy, we can assume that all the T x {t} are transverse, 
for t G [0, 1[, and so we can consider the 1-dimensional induced foliation on 
T x {0}. 

Since the foliation T is C 2 , so is the induced foliation on T x {0}, and by a 
heorem of Denjoy [1932], either the induced foliation on T x {0} is dense (i.e 
all the leaves are lines); or it admits circle leaves (and some spirals limiting 
to those circles, or it is a circle foliation). 

In the former case since the foliation on T x {0} is by parallel lines; one 
of the boundary component of X is everywhere transverse to the foliation. 
Thus, there is only one circle leaf, and up to isotopy, the only C 2 -foliation of 
the annulus with a boundary leaf and a transverse one is C (see Figure 4). 
Since T induces this foliation on X and since the foliation on T x {0} is 
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by parallel lines, the induced foliation on the annuli X x = {(x,8,z),6 G 
] — 7r,7r], z G /}, for each x G I, is also isotopic to C (note that X = Xq). 
All the foliations possible on T 2 x / are now characterized by the attach- 
ment possible between Xq and X\. All those foliations corresponds to a T* 
component (see Figure 11). 

The latter case where T x {0} admits at least one circle leaf, corresponds 
to a Si or a 5* component depending on if there are circle foliation, spiral 
leaves or Reeb annuli. Recall that by Lemma 5.1 Si(Id) is isotopic to T '■ 
Recall also that by Remark 4.8 a S\ or a 5* component can be seen as a 
foliation on T 2 x I where T 2 x {0} is everywhere transverse (with circle 
foliation, or admitting spiral leaves or Reeb annuli) and T 2 x {1} is a leaf 
(choose T 2 x {0} as T 1 / 2 of Remark 4.8). 

Moreover, since V does not contain torus leaves, any circle leaf of X is in- 
cluded in a cylinder leaf of J-\y, hence there is an infinite number of circles 
leaves on X. 

Now given such a foliation on X and on T x {0}, the induced foliation by 
T on W is up to isotopy (and changing the coordinates) the one of Figure 25. 




Figure 25. Imposed foliation on W 

Indeed, it admits an annulus leaf A\ = {(x,8, l),x G [0, 1[,6 g] — vr,7r]}, 
X\ has the foliation of X = Xq, it admits another transverse annulus Aq = 
{(x, 8,0), x G [0, 1[,6 g] — 7r, 7r]}, with the foliation of T x {0} split along a 
circle leaf that we denote by Q. 

Note that in Figure 25 we have chosen spiral leaves on Q but we could have 
chosen circle foliation or foliation with Reeb annuli. Moreover, in W the 
only possibility to follow the foliation on those annuli is by following the 
projection of Aq on a sub-annulus of Xq denoted on Figure 25 by Yo- 
Since X\ has the foliation of Xq, there is a sub-annulus of X\ foliated as 
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Yq denoted by Y\ . Once again, the foliation of Y\ can be followed in W by 
following the projection of Y\ on another sub-annulus of X. By continuing 
this process we obtain after gluing Xq to X\ by h, a Si(f, h), or a S*(G, h) 
where / is the suspension homeomorphism defining Q when Q has no Reeb 
annuli. (Note that / = Id corresponds to a circle foliation on Q). 
Note that Aq/^ corresponds to T 1 / 2 of Remark 4.8. 

□ 

6. Proposition 1.1 and consequences 

It is well known that Reeb's component (and Reeb annulus) are not taut. 
Brittenham [1993], generalized this fact to manifolds with at most one 
boundary component. 

Here we give more details, and generalize it to manifolds with more bound- 
ary components, if we assume that the transverse orientation is the same 
on each boundary component. 

This is the goal of Proposition 1.1 proved in Subsection 6.1. 
In Subsection 6.2 we will see that the hypothesis of Proposition 1.1 are thin 
by giving interesting examples of foliations on Waldhausen manifold. 
Finally in Subsection 6.3 we will give a partial converse of Proposition 1.1 
which is Theorem 6.8 (Goodman [1975]) and Corollary 6.10. 

6.1. Proof of Proposition 1.1. 

Remark 6.1. Note that in an orientable manifold, if a foliation is trans- 
versely orientable, then all the leaves are orientable. 

However, the converse is not true : there exists a foliation o/T 3 with all the 
leaves orientable but which is not transversely orientable (see the foliation 
Ci in Subsection 8.1). 

Nevertheless, this foliation is not taut and if we assume that a foliation of 
an orientable manifold is taut and that all the leaves are orientable then this 
foliation is transversely orientable. 

Definition 6.2. Assume that a manifold M with non-empty boundary ad- 
mits a transversely orientable foliation T such that the boundary of M is a 
union of leaves. Then we say that dM has the same transverse orienta- 
tion if the transverse orientation on those boundary leaves point all inward 
or point all outward. 

Proposition 1.1 is a direct consequence of the following proposition. 

Proposition 6.3. Let M be a 3-manifold with a transversely orientable fo- 
liation F, and n G N. 

If the boundary of M is a union of leaves with the same trans- 

i=l. ..n 

verse orientation, or if T contains a compact separating leaf Tq, then for 



COMPACT LEAVES IN REEBLESS OR TAUT FOLIATIONS 



33 



all i £ {1, ...,n},Ti does not admit a transverse loop or properly embedded 
transverse arc. 

Proof. We are going to show that for every properly embedded arc 7 : I — > 
M with endpoints in a separating compact leaf or in a boundary leaf T, 
there exists a point of 7(1) where the foliation is tangent to 7. 

This implies the proposition, assuming first that dM = 0; because any 
closed curve transverse to a separating compact leaf T, intersects at least 
two times T, hence the closed curve is a union of arcs with endpoints in T, 
in each side of T. So we will only study one side of T with an arc which 
meets T only on its endpoints. 

If there is only one boundary leaf, this is exactly what we want to have. 
If there are at least two compact boundary leaves, the endpoints of 7 may 
be on two differents boundary leaves; and since the transverse orientation is 
the same on those two leaves, the following applies similarly. 

Up to isotopy, we assume that the induced orientation by the non-zero 
continuous vector field is a normal vector field to the leaves noted N x for 
each x G M. 

Recall that M is a Riemannian manifold, hence in the tangent space of M 
we can consider the following angles. 
Let h be the map : 



Where (T^ x , N x ) is the non-oriented angle between the tangent vector to 
7 in 1 (noted T^f x ) and the normal vector N x . 

T is transversely oriented (i.e N is nowhere zero and continuous) and 7 is 
embedded, so T7 is continuous; hence, h is continuous. 
Without loss of generality we can say that the transverse orientation on T 
is such that ^(7(0)) > ir/2. Thus, h(^y(l)) < tt/2, because at 7(1) the arc 
gets out of T, and N^n\ = iV 7 ( ), see Figure 26. Indeed, the leaves are 
orientable, and if there are at least two boundary leaves we have supposed 
that the transverse orientation is the same. 

By the Intermediate value Theorem {h is continuous), there exists 
x £ 7(]0, 1[) such that h(x) = tt/2. That means that T*y x is in the tangent 
plane of the leaf passing through x, i.e 7 is tangent to T in x. 
Hence J- cannot be taut; which ends the proof of Proposition 1.1. 




□ 



Remark 6.4. The above proposition similarly implies that Reeb annuli are 
not taut. 
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Figure 26. 

Remark 6.5. Note that the assumptions of Proposition 1.1 are sharp. In- 
deed : 

(1) If there are a transverse boundary component and a tangent one, 
then the foliation may be taut. 

For example, the T component is taut, i.e we can find a properly 
embedded arc 7 as in Figure 7, with an endpoint on the transverse 
boundary torus, and the other on the torus leaf. 

(2) When there are at least two boundary leaves without the same trans- 
verse orientation, Proposition 1.1 is not true. 

Trivially, the foliation S x I is taut; where S is any closed surface. 
But the transverse orientation on S x {0} is opposite to the one on 
S x {1} (one points inward and the other outward ). 

(3) The assumption of transverse orientation in Proposition 1.1 is nec- 
essary as suggested by Lemma 6.6 on the Waldhausen manifold. 

6.2. Waldhausen manifold. 

Lemma 6.6. Waldhausen manifold admits : 

(1) A taut, non-transversely orientable foliation with a single torus 
boundary leaf, and all the leaves are compact. 

(2) A taut, non-transversely orientable foliation with a single torus 
boundary leaf, and all the interior leaves are non-compact. 
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Proof. Recall that Waldhausen manifold Q is the twisted product of the 

Klein bottle with an interval : 

Q = Kxl, where K is the Klein bottle. 

Q has one torus boundary component T. 

Let us represent Q as follows : 

Consider W = I x S 1 x J ^ {(x, 0, z), x G [0,1], G] -vr,vr],z G [0,1]}. 
Now Q S W/^ where (x, 0, 0) ~ (1 - x, -6», 1). 

Part (1) of Lemma 6.6 is easy to construct and is represented in Fig- 
ure 27. 

With the above representation, there is a Klein bottle leaf which is K = 
{(l/2,0,*),0€]-7r,7r],*€ [0, !]}/-> 

and the other compact leaves are torus leaves which are for each x G [0, 1] : 
T x = {{(x,9,z),6 G] - tt,w],z G [0,1]} U {(1 - x,9,z),6 G] - tt,it},z G 

[0, !]}}/-. 




Figure 27. Compact foliation of Q 



This foliation is taut, because for example 7 = {(x, 0, 1/2), x G [0, 1]} is a 
properly embedded transverse arc, with both endpoints in the torus bound- 
ary leaf (see Figure 27). 

It is non-transversely oriented since it admits a non-orientable leaf (recall 

that Q is orientable). 

Hence Part (1) of Lemma 6.6 is proven. 

Part (2) of Lemma 6.6 needs more work and is the following construction. 
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For each z E [0,1], we set A z = {(x,9, z),x E [0, |],0 E] — vr,7r]}; and 

A' z = {(x,e,z),xe[ll],9e]-7r,n]}. 



Consider a (clockwise) spiral foliation (see Figure 3) on each annulus A z U 
A' z = {(x,9, z),x E 1,9 e] — vr,7r]}. Denote the circle leaves by C 2 = 
{(0,6>,z),6> e] -vr,7r]} and C£ = {(1,9, z), 9 e] -vr,vr]}. For each z E I, 

1/2 1 

we let C 2 = {(2, E] — 7T,7r]}, they are all circles transverse to the 
foliation. 

That induces on A z and on A' z a the foliation C (see Figure 4). 



That gives a taut product foliation on W = I J Az U A' z denoted J 7 . 



Now we want to use this foliation of W to obtain by identification a foli- 
ation on Q. 

We may recall that Q = W/^ where (x, 9, 0) ~ (1 - x, -9, 1). 

So we only need to check that the foliation T in W is preserved by the 

identification. 

More precisely, it remains to check that any leaf of Aq is identified on any 
leaf of A\ and any leaf of A' is identified on any leaf of A\. 
In particular that means that for each 9 G] — tt, 7r], the leaf of Aq at (^, 0, 0) 
must be identified on the leaf of A^ passing at (1,-9,1). 

One way to do it is as follows : 
Let / be a diffeomorphism such that : 




Figure 28. Induced foliation on A z U A' 



ZE [0,1]. 
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f / :AiUAi 



-> A U A(j 



< 



f(A 1 )=A' ,f(A[)=A 



k V(l/2, 0, 1) e C^ 2 , /(1/2, 0, 1) = (1/2, -0, 0) e C{ 



1/2 







and such that / preserves the foliation, i.e / maps a half-spiral leaf on a 
half-spiral leaf. 

Note that the definition of / induces /(Ci) = C , f(C[) = Co. 
We can consider Q = W/^' where ((x, 9), 1) ~' (f(x, 6), 0) with the induced 
foliation by J- because this foliation is preserved by the identification. 
We denote by J- this new foliation on Q. 

Note that this new representation of Q with ~' is isotopic to the first one 
with ~. 

T is taut, because for example 7 = {(x,0, 1/2), x £ 1} is a properly em- 
bedded transverse arc to T . 

T admits a single torus boundary leaf, which is ( [^J C z U C' z )/r^' and 

*e[o,i] 

the interior leaves are non-compact (they all contain an embedded Ix J). 
The proof of Claim 6.7 ends the proof of Part (2) of Lemma 6.6. 

Claim 6.7. T is not transversely oriented. 

Proof. Let L be the leaf of T in W containing the arc C = {(^, 0, z), z G 
[0, 1]}, and consider a regular neighborhood B of C in L. 
Set <n = dB n Ai, and a' { = dB D A\. 

B/^i is homeomorphic to a Mobius band since f{a{) = a' and f{a' 1 ) = ao 
(see Figure 29), and by construction is included in a leaf of T . Since Q is 
oriented, T is non-transversely oriented. 



In conclusion, T is taut, non-transversely oriented with a torus boundary 
leaf and with non-compact interior leaf, as in Figure 29, which ends the 
proof of Part (2) of Lemma 6.6. 



6.3. Partial converse: existence of torus leaf. Now we suppose that a 
transversely oriented foliation is non-taut and see that it admits a torus leaf 
but we cannot conclude if it is separating or not, that is why it is a partial 
converse to Proposition 1.1. 

Theorem 6.8 (Goodman [1975]). // a leaf of a transversely orientable ex- 
foliation of a closed 3-manifold does not intersect a closed transverse curve 
then it is a torus leaf. 



□ 



□ 
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Figure 29. Foliation JonQ 

Therefore, if a foliation is not taut then it admits a torus leaf. 

Question 6.9. We may wonder if it is still true when the foliation is only 
supposed to be C°. 

Corollary 6.10. Consider a transversely oriented C 1 -foliation on M tan- 
gent to the boundary (possibly dM = ®), then the following assertions are 
true. 

(1) If a leaf does not admit a properly embedded transverse arc or trans- 
verse loop then it is a torus. 

(2) If a leaf is separating, then it is a torus leaf. 

(3) If the boundary components of M are a union of leaves admitting 
the same transverse orientation, then all are tori. 

Proof. When dM / 0, we consider the double of M, i.e D(M) = M [J M 

dM 

(the union of two copies of M with opposite orientation). Notice that any 
closed transverse loop passing trough a leaf in D(M) would induce a closed 
transverse curve, or a properly embedded transverse arc in M. Now we 
assume that a leaf does not admit a properly embedded transverse arc or 
transverse loop, and we apply Theorem 6.8 to M (or do D(M) if dM ^ 0), 
so this leaf is a torus, so part (1) is true. 
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If a separating compact surface is a leaf, then by Proposition 6.3, there is 
no transverse loop passing through it, so this is a torus by part (1), so part 
(2) is true. 

By applying Proposition 6.3 and part (1), we obtain part (3). □ 

7. Separating compact leaf 

As Theorem 6.8 says, a non-taut foliation admits a torus leaf. Then there 
are two possibilities. This torus leaf can be separating or non-separating. 
The former case is explored in this section while the latter case is the aim 
of Section 8. 

Note that there are three types of non-taut foliations admitting a separating 
torus leaf depending on if we can modify the foliation so that it becomes 
taut. 

- Foliations admitting a Reeb component which can be deleted to obtain 
another taut foliation (example in S 2 x S 1 ). 

- Foliations admitting a Reeb component which cannot be deleted (ex- 
ample in § 3 ). 

- Non-taut and Reebless foliations (example among graph manifolds). 

7.1. Non-taut foliation admitting Reeb component. Consider a non- 
taut foliation of a manifold M containing a Reeb component R and denote 
by T = dR. In order to know if we can delete a neighborhood of R and 
replace it by a trivially foliated solid torus B 2 x S 1 we need to know how R 
is attached in M and how the foliation looks like in a neighborhood of T in 
M\R. 

This is the aim of Lemma 7.1. Next we will see the opposite process which 
consist on considering a taut foliation and adding Reeb component as Propo- 
sition 7.3 suggests it. 

In the light of Proposition 1.3 in a neighborhood of T in M\R there ex- 
ists either (generalised) spiraling component or (generalised) turbulization 
component, bounded by T or bounded by a torus leaf T 1 included in a neigh- 
borhood of T in M\R. Hence up to deleting the foliation of T 2 x / bounded 
by T and T' we can consider that T bounds a (generalised) spiraling com- 
ponent or (generalised) turbulization component (that changes the foliation 
but not the manifold M). 

We want to replace the Reeb component R by a trivially foliated solid torus, 
i.e foliated by meridians disks D 2 xS 1 . That imposes that T must bound in 
M\R a turbulization component T (see Figure 7) because all the other com- 
ponents do not induce a circle foliation on the transverse boundary torus. 
Moreover if the circles C of the circle foliation induced by T on the trans- 
verse torus, bound meridian disks in R then we can delete RUT and replace 
it by the trivially foliated solid torus D 2 x S 1 by gluing meridians disks on the 
circles C; and once again that changes the foliation but not the manifold M. 
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Figure 30. Foliation T on Q 



Note that if the circles C do not bound meridian disks in M as in Figure 
31 we cannot delete the Reeb component, as in the case of the Reeb foliation 
of § 3 (foliation obtained by gluing two Reebs components to obtain § 3 ). 
Indeed the boundary of the meridians disks of a Reeb component of S 3 are 
longitudes for the other boundary component. 




Figure 31. Part of the Reeb foliation of S 3 



Hence we have proved the following Lemma : 

Lemma 7.1. A Reeb component R can be deleted if and only if up to deleting 
a T 2 x I, dR bounds a T component in M\R whose circles C of the circle 
foliation induced by T on the transverse torus bound disks in T U R 

Remark 7.2. Note that the Reeb foliation of S 2 x S 1 (foliation obtained 
by gluing two Reeb components to obtain S 2 x S 1 ^ can be transformed by 
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applying two times this process and we obtain the product foliation §> 2 x§'. 
Indeed that gives two solid tori trivially foliated by disks glued along their 
circle boundary two obtain sphere leaves. 

Proposition 7.3. From each transversely oriented taut foliation J 7 on a 
closed 3-manifold M , (M p= § 2 x S 1 trivially foliated), we can construct a 
non-taut foliation on M (with a Reeb component) and a non-taut foliation 
without Reeb component on M\V , where V is a solid torus. 

Proof. By definition, there exists a closed transerve curve, say 7. Choose a 
small enough regular neig hborhood of 7, denoted V = B 2 x S 1 , so that the 
induced foliation by J- on V is the trivial foliation D 2 x S . 

Now consider M\V. 
By construction the foliation induced on dV is (<9D 2 ) x S . 
Then we can apply the process of turbulization in (dV) x I by pasting a T 
component, to obtain a foliation T 1 of M\V with one torus boundary leaf. 
Then, Proposition 1.1 implies that T' is not taut. 

This process of turbulization gives a Reeb component if and only if M = 
§ 2 x S 1 with the product foliation. 

Indeed suppose that our construction leads to a Reeb component R, i.e 
M\V = R so contains a T component. Then M\(V U 7~) is a solid torus 
foliated by D 2 xS 1 , homeomorphic to M\V. 

Then M is a union of two solid tori, and since V is foliated by disks, the 
transverse circles leaves of T bounds disks in V and in R, so the identifica- 
tion of the two solid tori pastes the boundary of the meridians disks, hence 
M^S 2 xS 1 . 
The converse is trivial. 

In conclusion, we have constructed a non-taut foliation on M\V without 
Reeb component. By gluing a Reeb component trivially to this torus leaf 
we obtain a non taut foliation with a Reeb component on M. 
Hence we have proved Proposition 7.3. 

□ 

7.2. Non-taut and Reebless foliations. Foliations admitting a Reeb com- 
ponent are not taut, but the converse is false: there are many non-taut and 
Reebless foliations. 
There are two kinds of examples : 

(1) Non-taut and Reebless foliations on manifolds admitting a taut 
foliation; 

(2) Non-taut and Reebless foliations on manifolds without taut folia- 
tions. 
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S g X §\ 



Many examples for Point (1) are constructed by Proposition 7.3. 
A simple example is the following. Consider the manifold M 
where S g is a closed compact surface of genus g, for g > 0, with the trivial 
product foliation. Note that it is taut, so we can apply Proposition 7.3, and 
we construct a non-taut and Reebless foliation on M\V, where V is a solid 
torus (see next figure for the case where g = 1). 

Note that by gluing two such foliations along their boundary torus leaves 
we obtain a separating torus leaf in a non-taut Reebless foliation. 





\ — " a leaf 











1= 1 

| a torus leaf 




1 













Figure 32. Non taut foliation on M\V, when g = 1 



Nevertheless, note that Q admits a non-taut, transversely orientable Reeb- 
less foliation, it not obtained via Proposition 7.3. This is the one constructed 
by R. Roussarie [1974], called type II^ component, and given in Figure 33. 




Proposition 7.3 shows that there are a lot of non-taut, Reebless foliations, 
since any taut foliation on a manifold M gives rise to a non-taut Reebless 
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foliation (on M\V, where V is a solid torus). 

A more interesting question is the existence of non-taut Reebless foliations 
in a manifold not admitting a taut foliation, (Point (2)); i.e among homology 
spheres by Theorem 2.2. 

Brittenham, Naimi, and Roberts [1997] gave examples of such foliations on 
graph manifolds. 

Theorem 7.4 (Brittenham, Naimi, and Roberts [1997]). There exist in- 
finitely many manifolds without taut foliations admitting Reebless foliation 
(hence non-taut). Those are graph manifolds constructed by gluing two 
Seifert fibered manifold, each based on the disc with two exceptional fibers. 

Question 7.5. There are infinitely many Seifert fibered homology spheres 
not admitting a taut foliations by Caillat-Gibert and Matignon [2011]. Do 
they admit a non-taut Reebless foliation? 

8. NON-SEPARATING TORUS LEAF. 

We have seen that a foliation with a separating torus leaf cannot be taut. 
The case of non-separating torus leaves is very different since they can lie in 
a taut foliation or in a non-taut foliation. 
The goal of Section 8 is to understand the reason. 

In this section, we first give an example of a non-taut C 1 -foliation admit- 
ting a non-separating torus leaf, and then we give some constructions of taut 
and non-taut foliations admitting a non-separating torus leaf. 
We will see that the key point amounts to do a good spiraling (opposite 
direction of rotation in a neighborhood of the torus leaf) to obtain a taut 
foliation or a bad spiraling (same direction of rotation in a neighborhood of 
the torus leaf) to obtain a non-taut foliation. 
Then we prove Theorem 1.4. 

8.1. Example of non-taut foliation on T 3 . We study the well-known 
example of T 3 (where T 3 = S 1 x S 1 x S 1 ). 

Here we give two examples of non-taut foliations with non-separating torus 
leaves on T 3 . A non-transversely oriented one (£i); and a transversely ori- 
ented one (£2). 

Let us represent T 3 as follows : 
Set W = {(x,6,z),x £ [0,1], G] -ir,n],z € [0,1]} ^ I x S 1 x I. 

Now W/^ = T 2 x I where (a:, 0,0) ~ (x,0,l); and T 3 is obtained by 
identifying the two following torus boundary components to obtain a non- 
separating torus T C T 3 : 
T = {(0, 0, z), €] - tt.tt], z € [0, 1]}/^ and 



44 SHANTI CAILLAT-GIBERT 

T 1 = {(l,9,z),ee]-ir,ir},ze [0, !]}/„. 



Definition 8.1. Foliate each A z = {(x,9, z),x G [0,1], G] —tt,tt]}, for 
z G [0, 1], by a Reeb annulus. That induces a foliation C on T x I = W/^ 
because this foliation is invariant by ~. 

In this foliation C, Tq and T\ are leaves, which implies a foliation C\ on T 3 . 




(a) Foliation C of T x I. (b) Other representation of C (from Roussarie [f 974]) 

Figure 34. 

C\ is not taut, because any transverse loop passing through the torus leaf, 
would induce (after isotopy and splitting) a transverse arc on A z , for some 
z G [0, 1], with endpoints in dA z , which is impossible since a Reeb annulus 
is not taut. 

Moreover, C\ is not transversely orientable because there is no way of ex- 
tending continuously a transverse vector field on T. Indeed, C is transversely 
oriented. But on each A z , the two boundary leaves have the same orienta- 
tion. Hence on W/^ = T 2 x I, the two torus boundary leaves have the same 
orientation (for example, in Figure 34, they both point outward). 
Thus, when gluing the two boundary leaves by a reversing orientation home- 
omorphism, the transverse orientations cannot match. 

Note that L\ does not contain any non-orientable leaf and is not trans- 
versely orientable, which is the counterexample expected in Remark 6.1. 

Now we give the second example of non-taut foliation with non-separating 
torus leaf, but which is transversely oriented. 

Consider the construction above, and glue with a reversing orientation 
homeomorphism two copies of £, denoted by C and £*, where we add a * 
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to all the notations when we are in £*. The annuli A z and A* are attached 
along their boundary, so that the transverse orientation matches. We obtain 
a transversely oriented foliation £2 of T 3 (see the induced foliation by £2 
on A' z = A Z U A* z for some z G [0, 1] on Figure 35). 




Figure 35. Foliation on A' z induced by £2 

In conclusion, £2 admits two non-separating torus leaves, is not taut and 
Reebless (no leaf is homeomorphic to M 2 ), and is transversely orientable. 
Hence this is the expected foliation. 

Note that by gluing together an even number of such components £, this 
give an infinite number of such foliations. 

Note that obviously T 3 admits a taut foliation, which is the product 
foliation; but we will see another interesting taut foliation constructed with 
good spiraling in Subsection 8.2, (see Figure 37). 

8.2. Good orientation vs bad orientation. In this subsection we first 
give an example of construction where we can obtain a taut or a non-taut 
foliation depending on if we do a good or a bad orientation. 
Theorem 1.4 is a generalization of this fact. 

When M is a manifold with two torus boundary components, then we 
denote M/d the manifold obtained by identifying the two boundary torus 
components by the trivial homeomorphism. 

Let us study an interesting example : M = F g x S 1 /d where F g is a twice 
punctured genus g compact orientable surface. 

When g = 0, we obtain T 3 . We have already seen in Subsection 8.1 an 
interesting Reebless, and non-taut foliation on T 3 ; here we will construct a 
taut one with non-compact leaves. 

We set M' = F g x S 1 , with a fixed orientation and denote dM' = T_ U T + , 
(a union of two tori). 
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We denote by T the non-separating torus resulting from the identification 
of T_ and T+ in M = M'/d. 

Consider on M' the product foliation T 1 . That induces on T_ and T + 
a circle foliation. We want T to be a torus leaf, so we are going to apply 
the process of turbulization (or equivalently spiraling by Lemma 5.1) on T_ 
and T+. This amounts to glue two T components, and depending on the 
gluing, we can construct a taut foliation (Figure 38), or a non-taut foliation 
(Figure 39) by gluing two copies of T differently on the two torus boundary 
components. 

In Figure 36 we have fixed a transverse orientation, and we explicit the two 
choices of turbulization. The key point is that the transverse orientation on 
the leaf attaching on the two transverse tori is the same, since any leaf of 
J-' admits one boundary component on each transverse torus. 



Identification Identification 




(a)T+ (b)T- 
FlGURE 36. 



Now we fix a transverse orientation on T' . 
We want to attach two components T + or 7 on the boundary components 
of M' . 

Let us denote T% and T2 the two new torus boundary components after the 
pastings. 

There are two choices : 

(1) We glue 7~ + on one boundary component and T~ on the other. 
That induces opposite transverse orientation on T\ and T2, (one 
points inward and the other points outward), and so a taut trans- 
versely oriented foliation on M' (choose for example the arc 7 in 
Figure 38). 

(2) We glue T, where T £ {T + ,7 } on each boundary component, 
that induces the same transverse orientation on T\ and T2. 

This foliation is transversely oriented, so by Proposition 1.1 it is 
non-taut. 

Now we identify T\ and T2. 
In the first case that induces a taut foliation admitting a non-separating 
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Figure 37. Case (1) when g = 0, i.e on T x I 



torus leaf on M 



F g x S 1 /^ (with non-compact leaves, but T). 



In the second case that induces a non-taut, and non-transversely oriented 
foliation admitting a non-separating torus leaf on M = F g x S 1 /d. 
Indeed, this foliation is not transversely oriented, because the transverse ori- 
entation on T\ and T<i is the same, and the identification T\ and T<i reverse 
the orientation, so the transverse orientation on T is not well defined. 
Note that the case g = is exactly the foliation of T 3 of Subsection 8.1 (see 
Figure 34). 

Note also that by gluing trivially two copies of such a foliation along the 
boundary torus leaves, we obtain a non-taut and transversely oriented foli- 
ation with two non-separating torus leaves. 

That example leads us to make the following definition : 

Definition 8.2. Let M be a manifold with a transversely oriented foliation 

J- such that the boundary of M is a union of torus leaves. 

We say that T has a bad orientation if the transverse orientation on each 

boundary torus leaf is the same. 

Otherwise we say that T has a good orientation. 

Theorem 8.3. Let M be a manifold with a transversely oriented C 1 -foliation J- . 

Assume that the boundary of M is a union of two torus leaves. 

Assume also that J- does not admit neither interior torus leaf, nor embedded 

annulus whose induced foliation by J- is a Reeb annulus. 

Then, J- is taut if and only if J- has a good orientation. 
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Figure 38. Case (1) when g = 1 : taut foliation 
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Figure 39. Case (2) when g = 1 : non-taut foliation 



Proof. Proposition 1.1 gives exactly that if J- has a bad orientation then J- 
is non-taut. 

This is equivalent to say that if T is taut then T has a good orientation. 
It remains to show that if J- has a good orientation then T is taut. This is 
the goal of the following. 

Let us denote by T[ and T' 2 the two tori boundary leaves. Choose an em- 
bedded torus Ti in a regular neighborhood of T[ for i = 1, 2, and denote by 
N(T-) the regular neighborhood of T/ bounded by T[ and T^, for i = 1, 2. 
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By the Theorem of Roussarie [1974] and Thurston [1972] we can assume 
that T\ and T2 are transverse to T . 

Fix an orientation on M. Up to considering the opposite transverse orien- 
tation on J 7 , we can assume that the transverse orientation on T[ points in 
M and points out of M on T' 2 - 

If we denote by N = M\(N(T[) U N^T^)) the oriented manifold homeomor- 
phic to M, bounded by T\ and T2, and the induced foliation by T on N by 
Q, then Q does not admit torus leaves, so by Corollary 6.10 it is taut. 

Claim 8.4. There exists a properly embedded arc 7 : / — >• N transverse to 
Q with an endpoint on T\ and another on T2. 

Proof. Since Q is taut, either we find a properly embedded transverse arc, 
or a closed transverse curve to each leaf. 

If there exists a properly embedded transverse arc, we note that it must 
have one endpoint on T\ and another on T2. Indeed if both endpoints are 
on the same boundary component then by Proposition 6.3, it cannot be a 
transverse arc. 

If we find a closed transverse curve, it can be chosen so that it meets all 
the leaves, then we can cut this curve in two points to obtain a transverse 
arc, and isotope it so that the endpoints meet T\ and T2, and keep being 
transverse to Q. Indeed, it suffices to pick one leaf F\ meeting T\ and one 
(other) leaf F% meeting T2, and cut the closed loop at the points it meet Fi, 
i = 1,2, and push the endpoints to the boundary of Fi, i = 1,2 by small 
isotopies transverse to the leaves in a neighborhood of Fi, i = 1,2. So we 
have proved Claim 8.4. 

□ 

Therefore, up to considering t — > 7(1 — t), we can assume that 7(0) 6 T\ 
and 7(1) 6 T2. Moreover we make the confusion between 7 and 7(1). Let 
J = [0, e], where e > is small enough. 

It remains to understand why we can extend 7 in M to obtain a properly 
embedded arc transverse to T . 

Claim 8.5. If J 7 is transversely oriented with a good orientation, the only 
possibilities for Q to be transverse to the T{, i = 1,2 are the one on Figure 
40. 

Proof. Recall that we have always assumed that M is orientable. 
We can choose a small disk, denoted D = 7 x J in N such that for each to E /, 
'j (to) x J is included in a leaf of Q. It admits an arc a = 7(0) x J C dD, so 
a C Ti n Cri, where G\ G Q, and an arc (3 = 7(1) xJc dD, so f3 C T 2 n G 2 , 
where G2 £ G- 

Since T is transversely oriented, so is Q, and the transverse orientation of Q 
induces an orientation on D which must be coherent, because N is oriented. 
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Figure 41. Non-coherent orientation 

Indeed, the transverse orientation of G%, induces an orientation on a C dGi, 
denoted a. This orientation induces also an orientation on D, because 
a C dD. 
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Similarly, the transverse orientation of G2, induces an orientation on (3 C 
dG2, denoted ft. But since D and N are oriented, the induced orientation 
on dD imposes /3 = —a. 

Moreover, there are two ways of being transverse to each T, (i = 1,2), 
which gives four possibilities. Figure 40 showes the two possibilities with a 
coherent orientation, between the one induced on D and the one induced by 
dG x and dG 2 . 

Figure 41 shows the other two possibilities where the induced orientation 
on D by G\ is not coherent with the induced orientation on j3 by Gi in iV; 
which ends the proof of Claim 8.5 □ 

Now we use Proposition 1.3 to understand the foliation of N(T-) in M, 
for i = 1,2. Indeed, since there is no interior leaves in T , each T[ bounds 
a 5* or a T* component (without embedded Reeb annulus). Hence we can 
easily find an extension of 7 in M, as in Figure 40 which ends the proof of 
Theorem 8.3. □ 

Now we prove Theorem 1.4. 

Proof. If there are two torus boundary leaves, then this is Theorem 8.3. 
Otherwise, it remains to understand that for each torus leaf we can find 
another torus leaf with opposite orientation (we suppose there is a good 
orientation). So by Theorem 8.3, we find a properly embedded arc; which 
proves Theorem 1.4. □ 

Remark 8.6. Note that given a manifold with a transversely oriented C 1 - 
foliation without embedded Reeb annulus, and with interior torus leaves, we 
can split along all the torus leaves. If we obtain a connected manifold we 
can apply Theorem 1.4 to know if it is taut. Of course the connectedness is 
crucial. 

Remark 8.7. Note that Gabai's spiraling constructs a taut foliation with a 
non-separating torus leaf, by splitting along it, and Gabai 's process imposes a 
good orientation by considering the component S(f,h) with only a transverse 
annulus on one boundary component and the remaining of the boundary 
component of'S(f,h) is tangent to the foliation. 
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